Introduction
Let f(z) be an analytic function which is regular about the origin where it admits the expansion oo ^ f(z) B^Z
•0=1
The gap-theorems constitute the results concerning the relation between the lacunar; distribution of the exponents (A^) and the impossibility of the analytic continuation of the function f(z) beyond its circle of regularity. Two main attempts were made in this direction; the first was made by Hadamard c.f., e.g. Titchmarsh ( [10] ; p.223) who showed that if
(1-tl
+ e, (<?>, 1)
where S is a positive number independent of <> , then the circle of regularity of f(z) will be its natural boundary. The second was by Fabry [5] who relaxed the restriction (1.1) to the condition that ( 1.2 J lim ^ = 00 <>-.00 with the same conclusion obtained.
ardos [3] and Polya [9] proved that if is a sequence of integers for which lim inf f then there exists O -»oo v o a power series >_, a.z whose circle of convergence is the v-1 y unit circle and for which the unit circle is not the natural boundary, thus showing that in some sense Fabry s result is best possible. This paper extends these results concerning the power series in disks to Faber series in Faber regions.
rreliminarles and notation Our notation is basically that of Newns [8], Erdos [3], Nassif [7] and Turan [12].
A Faber curve C is a simple closed regular curve which is the nap in the z-plane of the circle I t | = fl* by the Faber transformation 00 (2.1) z = * (t) = t + ant" n n=o which is supposed to be conformal for | t | >T for some X <y.
The transformation $(t) has an inverse
which is assumed to be conformal for |z|> T', say, in the z-plane. [7, equation (2.9) ]that Pn(t) admits the expansion < 2 ' 8 > *"<*> = P n,o + Z P n,k t_k k=1 with 0 = 0» and thus Pn(t) contains negative powers of t only.
Two familiar results which are closely related to the gap-theory will be applied here. The first is the latest development of the well-known gap-theory inequality due to Littlewood [6] and Turan [12, equation (1.7) p.24] and given as follows.
Suppose that n is an integer £ 2, (bv)" are arbitrary complex numbers and that are increasing positive integers. Then
where oc is a real number and 0 < 5 < 2ji. This inequality relates the maximum modulus of the finite n iAvx sum b0e on the whole unit circle to the maximum moduli lus of the same sum on an arc of the circle. It is considered the "real" foundation of the gap theory. The second result is also known (c.f. Turan [12, equation (2.9) We easily verify by virtue of (2.1 J) that if t0ED(C2) whili t describes the arcs of C1, then
; (z = t/t0).
2' 71 | arg r | $ n
Now, let N be a positive number (presumably large) and consider the polynomial On the other hand, summing the series on the right hand side of (2.14), we obtain
We can deduce from (2.10), (2.11), (2.12) and (2.13) that when t0£D(C2) and t is in C1, then there is a positive number such that for sufficiently large values of N, Suppose that the function g(z), given by the Faber series co
is regular within and has singularities on the Faber curve C. If the exponents (A^)^ satisfy the restriction (1.2) of Fabry, then each point of the curve C is a singularity of g(z). Proof. We note from (2.5) that as g (z) is regular within and has singularities on the Faber curve Cg», we have (3.2) lim sup |a,| = ± . 1?-» oo ' Suppose, to the contrary that g(z) is regular at a point z on C and that z^ = 4>(t.,) so that t^ lies on Itl = ^ and that arg t 1 = u. Choose the positive numbers and 7 2 of " (2.10) so small that if the contour C^ is constructed as in (2.11), and corresponding to the point t^ and numbers and 7 2 , then the image fi^ in the z-plane of the contour C^ will be such that the function g(z) is regular in D(n.j). Thus there is a finite positive constant K for which To evaluate we denote by U(T,C.j) the annular region D(C.,) -D(T). Since g(z) is regular in Df».,), it follows that g{<Ji(t)} is regular in ll(T,C.,), and we observe from (2.6) and (3.1) that, in the annulus D(jr) -D(T), the function g{#(t)} can be represented as
In view of (2.7) and (3.5) we deduoe that in the exterior domain B(T) of T,
It follows that the function whose restriction in D(y) -D(T) is the sun of the series CO (3.6) K(t) = JT] (t)j t e (T,C1) V will be regular in 3(T) and in particular in UiT,«:.,). Since g{$(t)} and H(t) are both regular in tl(T,C.|), so also is the function G(t) = g{o(t)} -H(t). Also, in view of (3.2) and (3.5) we may deduce that in 11(1,^),
where H(T) is given by (3.6) and G(t) is regular in DfC.,) and in D(jr), and is given by
Introducing (3.6) and (3.7), in (3.4) with t0eD(C.,)t we deduce that Applying the inequality (2.9) of Littlewood-Turan, we put n+1 for n, 2fy for S, wfor o< and take as given by (3.15), to obtain, in view of (3.14), the inequality an.
(1 -"73 ) û .
Applying the gap condition (1.2) of Fabry, we have that there is an integer nQ = n 0i?i») such that for n>nQ,
, whenT(l-?2)^r0$3r(l+72>-Furthermore, by virtue of (3.17), the striotly increasing property of the exponents (A.^) and the maximum modulus principle, we can deduoe that A,
(n> nQ, 1 positive integer ^1).
It follows that the set js^ (t)j of polynomials converges uniformly in ItI ^y(1+?2) to 8 function p(t) which is therefore regular there. On the other hand we note from (3.13) that the same sequenoe (t)j converges uniformly to G(t) in the annulus sector D(C2). Hence p(t) = G(t) in D(C2) and therefore the function p(t) will be equal to G(t) in the region where both functions are regular. But we have seen that G(t) is regular in DfC^), therefore, we may infer that p(t) = G(t) in DfC.j). In particular, in view of (3*8) we may write (3.19) p(tj = ayt ! 11 = 2T( -»-2r?2). v=o Since p(t) is regular in ltl«y (l + 72) and by the uniqueness property of Taylor's expansion, we may infer that the expression (3.19) is valid in It U •£•( 1,+i?2). Thus where s^ is the number of the indioes {a^} which are less than or equal to Considering the intervals (^j*t>j)» we easily deduoe that
where tj is the number of indioes |a 9 } lying in (^»Pj). required sequences are constructed as follows* and the lemma is established. In the oonstruotion of g(z)#, only the n^'s shall be used but with the restriction that the terms corresponding to the indices * = 1,2,... are not zeros (cf.
[3])* The ooeffioients j 0^} of (4.2) are evaluated as followst Ve fix the integer r by (4.11) r > max (12, 1 + 13b) and to each interval » (a^,b^) we associate the interval J^ defined by Proof. Ve first show that the power series
where {ak} are evaluated as in (4.2) and (4*13)» is regular in D(2r) and also at the point t = jr. That G(t) is regular in D(2T) follows easily from (4.16). To prove that G(t) is regular at t « y, write (t-v (z)) k-1 will be regular at the point z q e C. Moreover, in view of (4.2), (4.16) and (5.a) we can deduce that the series OO "ZZ a,.q_ (z) is regular in tf(Cm ) for T.> T and arbitrarily k-1 K n k A 1 1 close to T. Henoe the Faber series (4.1) is regular at the point i g EC. Moreover, recalling (2.5) and (4.15)• we conclude that the same Faber series is regular within, has singularities on C t and is regular at the point z Q e C. The required properties of the Faber series stated in Theorem 2 hold, and the theorem is, therefore, established*S.Ya. A 1 p e r :
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